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HARNACK INEQUALITIES FOR SYMMETRIC STABLE LEVY 

PROCESSES 

MARINA SERTIC 


Abstract. In this paper we consider Harnack inequalities with respect to a 
symmetric a-stable Levy process X in a. G (0,2), d > 2. We study the 
example from the article [2]. There, the authors have associated the Harnack 
inequality with the relative Kato condition, which is a condition on the Levy 
measure. By checking the condition, in the case a G (0,1), they have estab¬ 
lished that the Harnack inequality does not hold. We give an alternative proof 
of this fact, using the setting of [2]. We define the harmonic functions explic¬ 
itly. For a given starting point of the process, we examine the probability of 
hitting a certain set at the first exit time of a unit ball. 

Moreover, we also examine the weak Harnack inequality for a certain class 
of symmetric a-stable Levy processes. We consider a symmetric a-stable Levy 
process, a G (0,2), for which a spherical part of the Levy measure is a 
spectral measure. In addition, we assume that fi is absolutely continuous with 
respect to the uniform measure a on the sphere and impose certain bounds 
on the corresponding density. Eventually, we show that the weak Harnack 
inequality holds. 


Acknowledgment. The author is thankful to Moritz Kassmann and Mateusz 
Kwasnicki for valuable discussions. 


1. Introduction 

In the paper, we use the notation 

B{xo, r) = {x : \x - xo\ < r},r > 0, 

and 

Br = B{0, r), r > 0. 

We consider a symmetric a-stable Levy process, which has the characteristic 
function of the form 

(1.1) E°[e™'^‘] = e t > 0, 

where the characteristic exponent $ is given by 

(1.2) ^u)= ( |M-eiXde). 
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The measure ^ is symmetric, finite and non-zero on (see [9], Theorem 14.13). 
Le the measure ^ be absolutely continuous with respect to the uniform surface 
measure on and denote its density by /p. 

The potential density (or the heat kernel) p{t,x,y) = p{t,y — x) is determined 
by the Fourier transform 



p{t, x) Ax = e 


^ e 


t > 0. 


Definition 1.1. 

(1.3) 

Definition 1.2. 

defined by 

(1.4) 


The Green function (or the potential kernel) is defined by 

^OO 

G(.x,y)= j p{t,x,y) At, x,y 
Jo 

Let D be an open set, D C The Green function of is 
GD{x,y) = G{x,y) -E^[G{Xr^,y)], x,y € D. 


2. Harnack Inequality 

Definition 2.1. A non-negative Borel measurable function m : —>■ M is harmonic 

in an open set D C with respect to the process X if 

u{x) = E“^[u(X.r[/)]) X € U, 

for every bounded open set U such that U C D. Here, tu = infjt > 0 : Xt ^ U} is 
the first exit time from the set U. 

Definition 2.2. The Harnack inequality for a symmetric a-stable Levy processes 
X holds true if there is a constant K >1 such that for every non-negative function 
u: —)■ M which is harmonic in Bi with respect to X, the inequality 

u{x) < K ■ u{y), x,y G Bi/ 2 . 

holds true. 

2.1. Construction of the Sequence of Harmonic Functions. 

Lemma 2.3. Let c > 1. There are sequences (a„) and (/3„) of positive numbers 
such that: 


( 2 . 1 ) 

( 2 . 2 ) 

(2.3) 


^ = E 


cXfi <C 




< 


2 ’ 


lim (An + Bn) — A + B — —, 

n—*-oo Z 

ta.n{An + Bn+i) 

^-TT-= +00> 

n->oo tan(A„ -I- Bn) 


(2.4) (c -|- 2) • tan(A„ -|- Bn+i) ^ (c — 1) • tan(A„+i 4- Bn+i), n € N, 

where and Bn denote the partial sum of the sequences (a„) and {(3n), respec- 

n n 

tively, i.e. ^ Pk- 

k^l 
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Proof. We construct inductively sequences (a„) and (/?„) of positive numbers which 
fulfill the conditions of the lemma. Set K = {c +2 )/(c — 1). 

Choose ot\ and /?i so that 

ai+ Pi < 7r/2. 

Next, choose P 2 and a 2 so that: 

/32 < 7r/2 — {Ai + Bi), 

arctan (^K ■ tan(Ai + B 2 )) — {Ai + B 2 ) < a2 < 7r/2 — (^1 + B 2 ). 

Assume Pi,Pn, oti,... ,a„ are chosen. Choose Pn+i and a„+i so that: 

Pn+l < 71/2 — {An + Bn), 

tan(A„ + Bn+i) 

n+l < - -r-, - 

tan(A„ + Bn) 

arctan {K • tan(Ayj -t- Bn.\-i)^ {An .^n+i) ^ 

CIn+l < 7r/2 {An i?n+l)- 

Notice that the choice of the sequence (/?„) is possible, since 

tan(/i + c) 

hm —-—--— = + 00 , 

h^Tr/ 2 -c tan(cj 

for fixed c € (0, |). 

Furthermore, the choice of of the sequence (q;„) is possible due to the choice of 
iPn). 

Now, from the choice of {an), we have 

arctan (K ■ tan(A„ + Bn+i)) < A„+i + Bn+i < -k 12, 
which, together with the choice of (/3„), implies 

lim {An + Bn) = 

n—>-oo Z 

□ 

Remark 2.4. At this point, we would like to mention that none of the following 
sequences satisfies the property (2.3) from the Lemma 2.3. 

( 1 ) ak = 2 Pk = k(k+T) 

( 2 ) ak = a~’^, Pk = b-^, 1 < b < a, 

(3) = kli+r)’ d > 0, 

(4) ak = 2-(>^"\ Pk = 2-(^"\ 

ak = Pk = b-^^‘^\ a>l,b>l 

The details can be found in Lemma 4.1 (Appendix 4). 

Definition 2.5. Let d, x G (0,1) and {an) and (/?„) be sequences as in Lemma 2.3. 
We define the sets 

si{x) = {(d, y) ■ An-i +Bn< arctan (< A„ + Bn}, 

Li{x)= U Si{z). 

zG[x,1] 
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Remark 2.6. Notice that, by the definitions of 5'^(x) and we have 

(2.5) Lf^ix) = {(5, y) : {x + 6) ■ tan(A„_i + Bn) <y <{l + 5) tan(A„ + B„)}. 
The sets S'^(x) and Lf^{x) are illustrated at the pictures that follow. 




Remark 2.7. Sn{x) describes the set on the line {{x,y) : x = d,y > 0}, which is 
seen from the point {—x, 0) by the cone and Ln{x) describes the set on the line 
{{x,y) : X = 6,y > 0} which is seen from the set [—1, —a;] x {0} by the cone Kn- 
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Proposition 2.1. Let (a„) and (/3„) be sequences as in Lemma 2.3. For every 
6 € (0,1) and every x € (0,1) there is Uq = no(S, x) such that for every n> Uq 

Li{x) n Li^j^ix) = 0 . 

Proof. Let S,x G (0,1). Recall, by (2.5), we have 

= {((5, y) : (x + (5) • tan(^„_i + R„) < y < (1 + 5) tan(A„ + R„)}. 

Now, from Lemma 2.3, condition (2.3), it follows that there is Rq = no(S,x) such 
that for every n > no, 


^n(a^)nL^+i(x) =0, 


which proves the proposition. 


□ 


Definition 2.8. Let S € (0,1) and (a„) and (/3„) be sequences as in Lemma 2.3. 
For z = (zi,Z 2 ),y = (yi,y 2 ) € we define the sets 

'5^('^) = {(<^: u) : +Bn < arctan + R„}, 

Liiy) = U 

{z.zi&[yi,l],z2=y2} 

Remark 2.9. Sf^{zi,Z 2 ) describes the set on the line {{x,u) : a; = 5,u > 0}, which 
is seen from the point (— 21 , 22 ) by the cone Kn, and Lf^{yi,y 2 ) describes the set 
on the line {(a;,u) : x = 6,u > 0}, which is seen from the set [—1, —j/i] x {j/ 2 } by 
the cone Kn. 

Remark 2.10. Let w = {wi,W 2 ) € Notice that by the definitions of Sn{z) and 
Lniy)', we have 


Ln{w) = {((5, u) :(n;i + S) ■ tan(A„_i + R„) + ■u ;2 < 

< u < (1 + (5) • tan{An + Bn) + W 2 }. 

By means of the two propositions below, we will define the sequence of harmonic 
functions so that the Harnack inequality does not hold. To be more precise, we 
will construct the sequence of sets (Bn) and consequently the sequence of functions 
(un), SO that 


lim 

n—>-oo 


Un(l/2,0) 

Un(0,0) 


= 0 . 
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Proposition 2.2. Let (an), (Pn) be sequences as in Lemma 2.3. There are se¬ 
quences (Sn), (Xn), iUn), (Cn) o,nd (dn) of positive numbers such that 

Vn C Sl ’]_ j ^(- Xi , X2 ) n A^", 

for every x = {xi,X 2 ) G Lfn, where 


Un — ( Vn, Vn) , 

•“ ^ (^n,dn). 

Remark 2.11. Notice that the picture above is in the connection with the statement. 
Proof. For n G N, define 

(2.7) := 2 + tan(>l„ + Bn+i) + tan(A„+i + Bn+i), 

(2.8) P„ := tan(A„_|_i + Bn+i) — tan(>l„ + Bn+i ,) 

(2.9) := ta,n{An + Bn+i) - tan(^„ + Bn). 
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Furthermore, set 

(2.10) 

Sn ■= 

(2.11) 

Xn ■= ■ 

(2.12) 

yn ■= 

(2.13) 

Cn ■■= 1 

(2.14) 

dn •— 1 


/„■(! + tan(A„ + Bn)) ■ (1 + tan(^„+i + 

. (1 + tan(^„ + Bn+l)) + Pn^n ' (1 + tan(7l„+i + i3„_|_i)) 
tan(yl^ -\- Iji tan(7lyj -t- 

1 + tan(7l„ + Bn) — 6n • Pn 

1 + tan(A„ + Bn+i) 


For the convenience, let us denote the denominator of by Hn, 

(2.15) Hn '■= • (1 + tan(A„ + Bn+l)) + Pn^n • (1 + tan(^„_|_l + Bn+l))- 


First, from Lemma 4.4 (Appendix 4), we have that Pn, P^, Sn, t„, j/„, c„ 
and dn are positive and c„ < (i„. 

Let us prove Vn C A^". What is more, we show Vn = A^". Recall, we dehned 
the set An" in the way 

= {(^ 1 . 2 / 2 ) : yi = 5„, (5n + 1 ) • tan(A„ + B„) + 1 < 

< 2/2 < (^n + Xn) ■ tan(A„ + Bn+l) - !}■ 


The definition (2.12) yields 

{5n + Vn) ■ tan(A„ + Bn+l) + 2/n = (5n + 1) ■ tan(A„ + Bn) + 1. 


Therefore, using (2.13) the equality 

Cn = (5n + 1 ) ■ tan(A„ + Bn) + 1 

holds. 

By Lemma 4.4 (Appendix 4) we have dn = (Sn +Xn) • tan(A„ + P„+i) — 1, hence 
Vn = Ai". 

Now, for X = (xi,X2) € Un, we prove Vn C Sn).i{—xi,X2)- Because of geomet¬ 
rical reasoning, it is enough to show 

c Sn+i{~yn, ~yn) F Sn+i{yn, yn) ■ 

Let Pi and P2 be the lines given by 

y-yn= tan(A„ -I- Bn+l) ■ (x + yn), 
y + yn= tan(A„+i -I- Bn+l) ■ (x - yn). 


respectively. As in the picture, p" and P 2 are the lines through the points {—yn, Vn) 
and iyn,-yn), respectively. 

Denote by P" and P^ the points which determine the intersection of lines p" 
and p 5 with the set {{yi,y 2 ) ■ 2/i = Sn,y 2 > 0}: 

P” = (xpi,ppj = {dn, {Sn + yn) ' tan(A„ -I- Bn+l) +yn), 

P2 — {xp^,yp^) — {^n, {Sn yn) ' tan(Aj2pl Bn+l) yn)' 

Notice that P" and PJ* determine the lower boundary point and the upper 
boundary point of the sets p„) and Sn’!^i{—yn,—yn), respectively. Notice 
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that showing Vn = {^n} x (yp^yps) finishes the proof. Clearly, the definitions 
(2.13) and (2.14) yield 

Cn — yPi 1 
dn — yP2 I 

and hence the proposition. □ 



Proposition 2.3. Let (an), (Pn) be sequences as in the Lemma 2.3 and let {In), 
(Pn), {Pn), (bn), (xn), (yn), (cn), (dn) OLTid (Un) be as in the Proposition 2.2. There 
exist sequences {S'„) and {B{Sn,'i’n)), where: 

(1) (J(j) is such that < Sn, for every p G N, 

(2) B{Sn,rn) is a ball with the center Sn = {xSri,ys„) ond radius r„, such that 

B{Sn,rn)C y (5®+i(-xi,a;2) n 

{e:( 5 ^<£<( 5 n,} 

for every x = {xi,X 2 ) G C/„. 
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Remark 2.12. Notions from the Proposition are illustrated at the picture above. 


Proof. For n € N, define 


(2.16) 

(2.17) 


y • (1 + tan(A„ + Bn + l))+ynln 

1 + tan(yl„+i + i?„_|_i) 

Jn 2 tan(^yj -j- Bn+l) * trXTl(^An-\-l 71n+l) 

+ tan{An + Bn+i) + tan(yl„+i + Bn+i). 


Set 

(2.18) 

(2.19) 

( 2 . 20 ) 


xs„ ■= 


“t“ yn 


L. 


J/S„ := 


2 1 + tan(7l„+i + Bn+i) 

“t” Vn Jn 


Tn ■= 


2 1 + tan(yl„+i + i?„_|_i) ’ 

1 ^nPn Vn^n 

2 1 + tan(Al„+i + Bn+i) 


By the first part of Lemma 4.5 (Appendix 4), 

B{Sn,rn) C Qn ■= {S'n, Sn) X (c„,C„ + (5„ - (5),)). 


Now, it is enough to show that for every x = {xi,X 2 ) € Un 

QnC IJ (A®+i(-a;i,a; 2 )n 

{e:<5^<£<(5Ti} 

Let z = (zi, Z 2 ) € Qn- We show 

z e S^_^_J^{-Xl,x2) n A®, 

for some S'n < e < 6n- 
Recall, 


^n = {(yi> 2 / 2 ) : 2/1 = e, (e + 1) • tan(A„ + R„) + 1 < 

< 2/2 < (ff + Xn) ■ tan(A„ + R„+i) - 1}, 
so in order to show z G A^, we prove that 

Cn A (c + 1) • tan(A„ + i?„) + 1, 

Cn 4“ (^n ^n) A (c 4“ Xn) ' tan(A^ 4“ Bn+l) 1, 

for some 5'n < s < 5n- Since the proof is quite technical, we spell out the details in 
the second part of Lemma 4.5 (Appendix 4). 

Now, for X = (xi,X 2 ) G tin, let us prove z G Sf_^_i{—Xi,X 2 )- Due to geometrical 
reasoning, it is enought to show that 

^ € Sn+i{ — ym ~yn) H (j/n, yn)- 

As before, let p” and P 2 denote the lines 

y-yn= tan(A„ 4- Bn+i) ■ (x + yn), 
y + yn= tan(A„+i + Bn+i) ■ {x - yn), 

respectively. As before, the lines p" and P 2 are the lines through the points 
(-2/n,2/n) and (j/„,-p„), respectively. 
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Denote by P" and P^ the points which determine the intersection of p" and P 2 
with the set {(^ 1 , 1 / 2 ) ■yi=e,y 2 > 0}: 

(2.21) P” = {xp^,ypj = (e, (£ + ?/„) • tan(A„ +P™+i) + J/„), 

(2.22) P 2 ” = {xp^,ypj = (e, (e - ?/„) • tan(A„+i + Pn+i) - J/n)- 

Notice that P” and P^ determine the lower boundary point and the upper 
boundary point of sets S^+i(,yn,yn) and *5^+i(—J/n, —J/n), respectively. If we show 
Z 2 G iyPi,yP 2 )^ the proposition is proved. 

To this end, we prove 

Cn > yPi , 

Cn + (<5n ^n) — yP2i 

and the details can be found in the Lemma 4.6 in Appendix 4. □ 

2.2. Harnack Inequality. In the subsection that follows, we give a proof of the 
fact that Harnack inequality does not hold. 



On 



Let A be a symmetric a-stable Levy process in 0 < a < 1, with the charac¬ 
teristic function of the form 

where 


$(m) = 


|M-CrM(dC)- 
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We define the spectral measure ^ appropriately, below in Theorem 2.14. Further¬ 
more, for a given starting point x G Bi oi the process X, we examine the probability 


e B„), n G N 

of hitting the set Bn = B{Sn, at the hrst exit time of a unit ball Bi, where for 
every n G N, are as in Proposition 2.3. We choose the points wo = (1/2,0), 
0 = (0, 0) and define the harmonic functions 


We show 


Un(x) = F'^iXrg^ G Bn), n G N, X G Bi- 


Unjwp) 

u„(0) 


< c{a) ■ Unbn, 


for sequences (a„) and (6„) with certain properties and eventually obtain the desired 
conclusion. 


Remark 2.13. Constants are positive real numbers, which exact value may vary 
from one line to the other. For the convenience they will not be explicitly stated 
throughout the proof. 

Before we prove the Theorem 2.14, we state the proposition for the Green func¬ 
tion estimate of the unit ball Bi for X (see [2], Theorem 2). 

Proposition 2.4. Let X be a symmetric a-stable Levy process in 0 < a < 2, 
with the characteristic function of the form 

u G 

where 

$(«)=/ lu-eiXde), 

and n is a finite, symmetric measure on such that iJ,{S‘^~^) > 0. Let p be 

absolutely continuous with respect to the surface measure on and denote by 

f^ its density, for which the inequality 

0 < MO <m, M 

holds, for some m > 0. Then the estimate for the Green function Gb^ 

c"^ • s{y) ■ \x - 1 / 1 “"'^ < Gb, {x, y)<c- s{y) ■ \x - 

holds, for all \x\ < 1/2, |i/| < 1. Here, s{y) = is the expected time spent in 

Bi, if the process starts from y G Bi. 

Theorem 2.14. Let X be a symmetric a-stable Levy process in 
0 < a < 1, with the characteristic function of the form 

where 

$(«)= [ iu-?rMdo. 

JSI 

Let the measure p on he absolutely continuous with respect to the surface measure 
on S^, and denote by its density. Set 
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where 


Bu,r„ =B(^„,r„)nS\ 
r„ = 2 • sin(a„/4), 

Cn = ( COs(^„_l + Bn + anl‘2,'), sin i^An-l + Bn + CXn/‘^y) G n G N, 

where (a„) and (/3„) are as in Lemma 2.3. Then the Harnack inequality for X does 
not hold. 

Proof. Let 

Unix) = V^'iXrg e Bn), n G N, X G B{0, 1), 

On = {{-Xn, Sn) X (-1, 1)) H Bi, 

where = S(S'„,r„), Xn, Sn are introduced in the Propositions 2.2 and 2.3, and 
set Wo = (1/2, 0) and 0 = (0, 0). 

By the strong Markov property, every function Un is harmonic in Bi with respect 
to X. 

Namely, for a set 17 C 17 C Bi, 

E-[Un(XnJ] =E-[P^m[Xn, € B„]] 

= F^[Xr^ O G Bn] 

= F^[Xr,GBn] 

= Unix). 

Using the Levy system formula ([4]) it follows 




sKtATB 

^tATB 


= 


< 


J J Uiy-Xs) dy^ ds 

loAXs){J^ |j/-X,|-“-2 dy) ds 


rlATB 

< |B„|-[(,5„ + l)-tan(A„ + B„)]-“-2.E“« / lojX,) ds 

< |B„|-[(,5„ + l)-tan(A„ + B„)]-“-2.E“« / lo„(X,) ds 

do 


The estimates of the potential kernel ([10]) imply 


E^o 


[ lo„(d^s) ds < c(a) • f \y-wo\°' dy 
Jo J do„ 

< c(a) • iSn +Xn). 



HARNACK INEQUALITIES FOR SYMMETRIC STABLE LEVY PROCESSES 
From here we have 


_ S<tATB 

< c{a) ■ \B„\ ■ [((5„ + 1) • tan(A„ + • {6„ + a;„). 


Letting t —)■ oo, by the dominated convergence theorem, we obtain 


(2.23) 


u„(wo) < ci{a,n) ■ {6„ + Xn), 


where 


ci{a,n) = c(a) • |B„| • [((5„ + 1) • tan(A„ + B„)] 


-a-2 


Let us compute the lower bound on t6„(0). 

By the Levy system formula (see [4]) and the construction, it follows that 


R„(0) =P°(X,^ G Bn) 

> E° 


= E' 


= E“ 


S<tATB 
tATB 


J J U{y-Xs) dy^ ds 

luAXs){J^ dy) ds 


> C 2 {a, n) ■ E° 


l-tATB 

/ lc/„(-’^s) ds 

Jo 


where 


02(0:, n) — \Bn\ • [ 2 Sn — S'n + 2?/„ + 1 + (Sn + 1) ' tan(A„ + Bn)] 


-a-2 


Letting t —>■ oo, by the dominated convergence theorem, it follows 


f \uAX,) ds 
Jo 


13 


Un(0) > C 2 (a, n) ■ E° 
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Using the the estimate of the Green function from [2] there is c{a) so that 



fTB 


^OO 

E° 

/ luA^s) ds 

= E° 

/ '^{XsGUr^,TB>s} ds 


Jo 


Jo 


nOO 

= / P°(Xs e Un,TB > s) ds 
Jo 

= [ Gb(0,i/) dy 

Ju„ 

> [ s{y)\y\°-‘^ dy 

Ju„ 

> c{a) ■ (1 - 2y„)“ f dy 

JUr,. 


> c{a) ■ (1 - 2y„)“ f |j/|“ 2 dy 

JB{0,y„l2) 

>c(a)-(l-2y„)“(y„)“. 

From here we obtain the lower bound 
(2.24) R„(0) > C2(a,n) • (l - 2y„)“(y„)“, 

where 

€ 2 ( 0 ;,n) = c{a)\Bn\ ■ [2i5„ — <5)^ + 2y„ + 1 + {Sn + 1) • tan(^„ + Bn)] 
Combining inequalities (2.23) and (2.24), we obtain: 


lO OKI Un(u’o) ^ ( \ 1 

(2.25) , . ^ c(q;) • 

Un[0) 

where 

26n — 6n + 2yn + 1 

{5n + 1) • tan(^„ + Bn) 

Sn 4“ Xn 

• (1 - 2y„)“ ■ 

Due to the construction, 

(2.26) lim a„ = 1. 

n—¥oo 

Using (2.3) and (2.4), we obtain 

(2.27) limsup < oo. 

n—>-oo Vn 

Since the proof of (2.27) is similar to the proof of Lemma 4.7 (Appendix), we skip 
it. 




5r?, — 


• (1 - 2y„)“ 

1 5„ 


,1 — oc 


(1 - 2y„)^ 


Since 0 < a < 1 
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Therefore, 

(2.28) lim bn = 0. 

n—¥oc) 

To conclude, (2.25), (2.26) and (2.28) imply 

UnjO) 

Uniwo) 

can be made as large as we like by taking n large enough. This implies that the 
Harnack inequality for X is not possible. □ 


Remark 2.15. Notice that for 1 < a < 2, we have 

»n(0) ^ 

Mn(l«o) - “ a„ bn’ 


where 


-(1 2yn) 


a Vn 

Un 


Notice that from here, we have 


lim — = 0, 

n—>oo 0 


therefore the proof breaks down. 


Remark 2.16. In connection with the article [2], there it was shown that as in our 
case (d = 2), for 1 < a < 2 Harnack inequality holds (see Corollary 13 of the 
aforementioned article). 


3. Weak Harnack Inequality 

Definition 3.1. The weak Harnack inequality for a symmetric a-stable Levy pro¬ 
cesses X holds if there is a constant C > 1 such that for every non-negative function 
m: —)■ K, which is harmonic in Bi with respect to X, the inequality 

\\u\\lHBu2) <C- ini u 

' -01/4 

holds. 

We continue with the definitions regarding the spherical part of the Levy measure 
(see [3] (cf. [8])). 

Definition 3.2. A measure A on is called degenerate if there is a proper linear 
subspace M of such that Spt{X) C M, where Spt{X) denotes the support of the 
measure p. 

A measure A is called non-degenerate if it is not degenerate. 

Definition 3.3. A measure p on 8*^“^ is called a spectral measure if it is positive, 
finite, non-degenerate and symmetric. 

For the equivalence of the non-degeneracy of the measure p and the condition 
(3.1) ^{u) > c ■ |m|“, u e 

where c = c(q;) is a positive constant and <I) is as in (1.2), see [8]. 
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Theorem 3.4 (Weak Harnack Inequality). Let X be a symmetric a-stable Levy 
process in d> 2, with index of stability a € (0, 2) and the characteristic function 
of the form 


ueR‘^, t > 0, 


where the characteristic exponent is given by 


$(m) 


|u-eiXde), 


and PL is a spectral measure. Furthermore, let p be absolutely continuous with respect 
to the uniform measure a on the sphere and denote by f^ its density. Assume 
that there is a positive constant m such that 


0 < /^(?) < m, e € S'"-'. 


Then the weak Harnack inequality for X holds. 


Lemma 3.5. Let a G (0,2), d > 2. There is a constant ci = ci(oi,d) such that for 
every |i(;| < 3/4, the inequality 



Gb„/S^,w) Ax < Cl 


holds. 
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Proof. By the inequality pd < P and the estimate of the transition density p for 
small times (see e.g. [10], Theorem 1), it follows: 


/ Ax 

J Bi/2 

= / PB3/S'^,x,w) At 

^ 1/2 - 0 

< / / p{t, X, w) At 

< c(a, d) I 

Jbi, 


Ax 




dt 


+ f f dt 

^1/2 - 1 

r I |■d-n,rAl ^ 

< c[a, a) / 

Jbi, 


dx 

dx 


— 'in\°‘+d 


\X — W 


+ c{a, d) 
+ c(a, d) 

< c(a, d) 


/ 

f t-^/°‘ At 

-'^1/2 

.J\x—w\^Al 


dx 


I / dt 

L -Bi/2 d 1 

|x-dx 

^1/2 


dx 


d- 


+ c{a,d) - -I-B 1 / 2 I 

d — a 


[ 

(lx-wl“ A !)“““* - 1 

dx 

^ Bi/2 

- 



< c{a, d). 


□ 


Lemma 3.6. Let a € (0,2),(i > 2. There exist di = 5i{a,d) > 0 and ci = 
C 2 {a,d,Si) such that for every jxj < 1/4 and every w G B{x,Si) the inequality 

Gb^/Sx^w) > C2 


holds. 

Proof. Using 

( 3 . 2 ) (x, la) = G(x, ix) - E® [G(X.,^^^ , ix)] , 

in order to prove the lemma, we compute the estimates for G(x, w) from below and 
E^[G(Xt-b^^^ , w)] from above. Using the heat kernel estimates for small times ([10], 
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Theorem 1), we obtain 




= / G{u,w)PB 3 /i{x,u) du 

•^^3/4^ 

= / PB 3 ^i{x,u) / p{t,u,w) dt du 

JB3;i‘= Uo 

= / PB 3 fS^,u) / p{t,u,w) dt du 

JB3;i‘= Uo 

+ / PB 3 /i{^,u) / p{t,u,w) dt du 

’^^3/4'^ L*^i 

L„. H 

+ f Pb 3 /Jx,u) f t-P'^ ■ pil,t-P^u,t~^^°w) dt du 
•tB3/4" LJI 

/ b „.. ^'’•'‘<*■">[1 *] ■!" 

+ c(a,(i) / Pb 3 ^^{x,u) [ t~‘^^° dt du 

’^^3/4'^ -*^1 


c(a, d). 


Examining the integral in (3.3) more closely, we obtain: 

= ^ PB3/A^,u)M\n,-u\<l}{u) ^ A dt du 

+ ^ PB 3 ,A^,u)li\^-u\>i}{u) ^ dt du 

= /l+/2. 


(3.4) 
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= 


/ -^133/4 —m|<1} (^) 


^-d/a A 


— 7/7l^ + ‘^ 


dt 


dit 


r r r\w-u\°^ 

= PB3^A^,u)l[\^_u\<l}iu)\w / tc 

'^^ 3 / 4 '^ L-/o 

+ [ -Pb3/4(^>w)1{|u,_„|<i}('u) f t~P°‘dt du 

= Ci / -PB3/4(S,M)l{|u,-u|<l}(u)k - ^1“"'^ du 

+ C2 / Pb3m(S,u)1{|u,-«|<1}(m)x^(I'^ “ ■“1“”'^ “ 1) 

a-a 


(3.5) < ci(a, d, (5i), 


where in the last inequality we have used w € B{x,6i), for (5i > 0 small enough. 


= 


I -^ 133/4 ( 2 ^) u)l{|tu—«|> 1 } (m) 

*^-^3/4^ 


^-d/a ^ 


— -inla+d 


dt 


du 


f PB3/A^^u)^{\w-u\>l}iu)\w - U\ “ / t 

’^^ 3 / 4 '^ L-/o 

c/ ^333/4 (^>w)l{fo-«|>l}(«)k- 

J Br/A^ 


dt 


Uo 
du 


du 


(3.6) 


< C2. 


In conclusion, by (3.3), (3.4), (3.5) and (3.6), we obtain 
(3.7) E^[G{Xr,^^^,w)]<ci{a,d,Si), 


for all w € B{x,6i) and (5i > 0 small enough. 

To estimate G(x, w) from below, we use the continuity of the potential density 
(see [11]). 

Due to 


p(l) 0) > c > 0, 

by continuity of p(l, •) in x = 0, there is i? > 0 such that p(l,a:) > 7 • p(l,0), for 
all jxj < R. 
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Furthermore, for |^| = 1, since: 

POO 

G(0,C)> / p{t,0dt 

JR-<^ 


IR- 

pOO 




= Cl (a, d) > 0, 


we obtain 

(3.8) G(0,^) > ci(a,d). 

For |a;| ^ 0, by scaling and (3.8) 


G(0,x) 


a—d 




> Cl • |a:|“ 


Therefore, 

(3.9) G{x,w) > C 2 ■ \x — 

Now, choose (5i such that (5i < (c 2 /(ci +c))^^ A^i, where c > 0. Then for every 
|x| < 1/4 and w € B{x,Si), combining (3.2), (3.7) and (3.9), we obtain 

Gb^/S^,w) >C2-\x- - Cl > c> 0. 

Define C 2 = c and now the statement follows. □ 

Remark 3.7. Notice that, according to the Lemma 3.5 and Lemma 3.6, there are 
c = c(a, d) and (5i = di{a, d) such that for every x G B 1/4 and for every w G B{x, Ji) 
the inequality 



Gij 3/4 {x, w) dx<c- Gb^/^ {x, w) 


holds. 

Lemma 3.8. For a G (0,2) and d>2, let Si > 0 be as in Lemma 3.6. There is 
a constant C 3 = 03 ( 0 , d) such that for every x G Bij^ and every u G 73(0,3/4) \ 
B{x,5i) the inequality 



Gb3/^{x,u) dx < C 3 • Gb 3 / 4 (x,'u) 


holds. 

Proof. The proof relies on the maximum principle (cf. [7]). We use the fact that 
Gd{x,-) is regular harmonic in D \ B{x,e) with respect to X for every £ > 0 (cf. 
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/ GB3/Ax>u)dx= E“[Gb 3 )] dx 

7Bi/ 2 dBi/2 


/Bi/2 L 

Gb3/A^,z) Aj3/4\s(£.G)(w>^) dz 

/ f/ 

/R2\(B3/4\B(S,5i)) LdBi/2 

GB3/4(a;,z) PB^^^\B{xfy)iu,z) dx 

/ f/ 

Jb(x,5i) LdBi/2 

GB3/4(a;,z) Pb3/4\s(£,5i)(u,z) dx 

/ f/ 

Gb^/A^^z) Pb3/4\b(£.5i)(w>^) da; 

/ f/ 

Jb{x,Si) LaBi/2 

GB3/4(a;,z) Pb^/^\b{xmAAz) dx 


dx 


d2 


dz 


dz 


dz 


Rem. 3.7 (’ 

< C Gb 3 / 4 (x,z)Pb 3 \B(g 43 )(M,z) dz 

Jb{X,Si) 

= C / Gb3/4(^.2)^’b3,4\-B(£,5i)(m,z) dz 

dR2\(B3/4\B(s,5i)) 

= C-E [GB3/4 (x, )] 

= C - Gb3/4(x,'u). 


Define C 3 = c and the lemma follows. 


□ 
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Proof of Theorem 3.f. 

= / u{x) dx 

J ^1/2 


[ dx 

u{y)PBs^A^,y) dy 


3i/2 


3i/2 


(3.10) 


'(Bi/iY 




u{y) 


dx 


Y 


J 


u{y) 

\f 

fu{z) Gij 3 M(x,y- z) dz 

dy 

X 

r 

LJB(y,3/4) 

- 

/ 

fu{z) 

1 

1 _ 

dz 

[yB(y.3/4) 

L./B 1/2 1 



dx 


dy 


By Remark 3.7 and Lemma 3.8 there is a constant c = c(a, d) such that for every 

X Y: 


(3.10) < c - j 


(Bi/iY 


+ c ■ 


'(B3/4 


= c • 


= c • 


'{Bs/iY 


'{B 3 / 4 Y 


4y) 


u{y) 


uiy) 


/ 1b(s,5i)(2/- 

JB(j/.3/4) 

fu{z) ■ GB 3 ^^{x,y - z) dz 

Jb(v.3/4) 


U{z) ■ Gs^/Sx^y - z) d 2 : 


dy 


dy 


/b(j/.3/4) 


fu{z) Gs^/Sx^y- z) dz 


dy 


u{y)PB^jS^,y) dy 


= c-W[u{Xr,^^J] 

= c ■ u{x). 

Since the inequality 

\\u\\lyb,^ 2 ) ^ c-u(x), 

holds for any x G B 1 / 4 , the proof is finished. 


□ 


4. Appendix 

Lemma 4.1. Let: 

(1) cxk = 2 Pk = , 

(2) Ofc = Pk = b~^, 1 < b < a, 

(^) = fc(fc+i) , Pk = (5 > 0, 
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(4) afc=2-('='), /3fc = 2-('=') 

ttfc = Pk = a > 1,5 > 1. 

Then none of these sequences does not satisfy the property (2.3) from the Lemma 

2.3. 

Proof. Notice that 


implies 


tan(A„ + B„+i) 

lim -—-— 

n-^oo tan(An + Bn) 


(4.1) 

(1) Set 


COs(A„ + Bn+l) 

lim --- ^ . 

n—>-oo C0s(^^ + Bn) 


ak=2-\ 

Since = 1 - 2"", = 


k{k + 1) ■ 

and Bn+i = B^ + Pn+i, we have: 


lim 

n—>-oo 


C0S(A„ + Bn+l) 
COs(A„ + Bn) 


£i^n+Bn+l) 

3s(A + S„) 

+ lim - 

— 2n—3 

+ hm __ 

n->ooln2-2 " + (n+l) ^ 


This means that the condition (4.1) is not fulfilled. 


(2) Set 


ctk = a ^, Pk =b 1 < 5 < a. 


Since An = 


Bn = 


l-b~ 


a-1 ’ " b-1 ’ 

:™ COs{An + Bn+l) _ ^{An + Bn+l) 


we have: 

d 


lim 


= lim 


COs{An + Bn) -£^{An + Bn) 


= 1 + lim 


dnl^n+l 


“ £i^n+Bn) 


= 1 + lim 


-ln5- 5-("+i) 

Ina „-n i In & i-r 


= 1 + lim 


„^oo ^a-” + ^5- 

— In5 • b~^ 


n^oo iSAl'ft'in iSA 
a-1 Vo-' W 


If a = 5, the last expression is equal to 
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In a • a 


2 In a 
^ a— 1 


= 1 - 


a — 1 
2a 


n “t" 1 
2a 


If 6 < a, we obtain 


ln6- 6-1 

bib 

6-1 


= 1 - 


6-1 

6 


1 

6' 


In conclusion, the condition (4.1) is not fulfilled. 


(4.2) 

(4.3) 


(4.4) 


Remark 4.2. In the examples that follow, we will proceed in the following 
way. 

We use the equality 

cos(2l„ + Bn+l) _ sin(| - An - Bn+i) 
cos(^„ + S„) sin(| - 2 l„ - B„) 

and the estimates 

'2 ^n+1 ^ -^n+l) 

^ - An- Bn ~ sin(| - An- Bn) 

^n+l) ^ 2 ^n+1 

sm{^- An -Bn) ^-An-Bn 


for some constants Ci,C 2 > 0. 

Examining the lower (or upper) bound in the expression (4.2) (or (4.3)), 
we see 


- An - Bn - 13, 


n+l 


— An — Bn 


= 1 - 


^n+1 


— A„ — Bn 


= 1 - 


13, 


'n+l 


E oo 




Oik + J2k=n+1 Pk 


Now, we can use integral test for convergence to estimate series 


and 


(3) Let 


fc—n+l 

00 

E A. 

fc=n+l 


1 


oik = 


Pk = k 


-i-s 


k{k + l)’ 

for some 6 > 0. In this example we will use integral test. 
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Notice, 


oo ^ 


The integral test implies 

^oo QQ ^oo 

/ /3{x)dx < E l^k E /?n+l H" / P(x)dx, 

dn+l k=n+l “^"+1 


^”+1 fe=n+l 

which is equivalent to 


OO Qo OO OO 

E “* + / - E afc + E Pk, 

Jn+l k=n+l k=n+l 

OO oo ^oo 

E - E oik + Pn+i+ / /3(x)(ia: 

^_Li I —^_Li *^n+l 


fc=n+l 

oo 

E “fc — — 

fc=n+l fc=n+l k—n-\-l 

These inequalities yield 

1 1 

'ZT=u+l O^k + Pn+1 + /„“ 1 P{x)dx ~ E^„+l «fe + E^„+l Pk ’ 


1 


1 


Efcri +1 Oik + Efc „+1 Pk E ^„+1 afe + /^1 /3(a;)fia;' 

Multiplying the two inequalities by /3„+i, we obtain the lower and the 
upper bound for the expression in (4.4), 


Pn+l 


Pn+1 


E oo 

fc—n+1 

and 


+ Pn+l + Jn+i P{x)dx J2k=n+1 O^k + Efc=n+1 Pk 

Pn+1 


P 


/^n + 1 ^ r-'n-ri- 

Efc„+1 afc + Efcri+i Pk ~ E^„+1 «fe + Pix)d 
Since 


it follows 


E OO 

fc=n+l 

iim - —x - = oo, 

n-foo 


lim . - = 0 


E^„+1 Oik + /„+i /3(a:)di 

and consequently 

/?n+l 

Efc=n+1 O^k + Efc=n+1 Pk 


lim 


= 0 . 


This means, by (4.4), 


T — -^n — ^n+1 

lim ^^ = 1-0=1, 

n-J-oo An - Bn 
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which implies the condition (4.1) is not fulfilled. 
(4) Set 


ak=2-^^"\ pk 




As in the second example, we use the integral test. Similarly, it implies 


/n +1 


a{x)dx + / P{x)dx < E Oik + E /?fe, 


/n +1 


oo oo ^oo ^oo 

E E / oi{x)dx + /3„+i + / P{x)dx, 

=-nJ -1 k=n+l dn +1 Jn +1 


k—n-\-l 


which yields 


«n+i + /+1 a(x)da; + /3„+i + ^ P(x)d: 


— ,00 I ,00 p 5 

2 .^fc=n+l Clfc + 2 ^k=n+l Pk 


(4.5) 


E+„+i «/c + E+„+i + /„“ 1 a(a;)dx + ^ ^(a;)(i; 


We will only observe the inequality (4.5). Multiplying (4.5) by ++i, it 
follows 


Pn+l ^ Pn+1 

'ET=n+l Oik + E ^„+1 Pk ~ /„“ 1 a{x)dx + ^ P{x)dx ■ 

Since 

/5n+l ^ /?n+l 

/„+i a(a;)dx + ^ /?(x)(ia; “ ^ /3(a;)dx ’ 

it is enough to show 


lim 

n—¥-oo 


Pn+l 

fZi 


= 0 . 


Notice that then 
lim 


-’n +1 


E oo 


fc=n+l 




E oo 


fc=n+l 




= 0 , 


which implies the condition (4.1) is not fulfilled. 
Using polar coordinates we obtain 


^OO pOO 

/ P{x)dx = / ^d: 

./n +1 J n-\-l 


= - < / —— • 2 2 ("+1)^ 


2 V ln2 
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which implies 


lim 

n—>-oo 


Pn+l 

fZl 


lim 

n—>-oo 


2-(n+i)^ 


1 / TT 

2 V In 2 


. 2-5("+l)^ 


lim 

n—^oo 


2-i(n+i)" 


1 / TT 

2 V In 2 


= 0 , 


and that is what we wanted to prove. 


□ 


Remark 4.3. Notice that only in the very end the explicit formula for (3n has been 
used. This means that if 


= 6 > 1 , 


the same reasoning applies. 

In this case, we would have 


nOO nOO 

/ /3{x)dx = / ^dx 

("+!)" 


/n+1 

1 r~Tr 


and 


A 


'n+1 


2 V ln6 


= lim 




hm jtrv-, - J.AXAA . _ , , , „ 

/„+i I3{x)dx 6“5("+i) 

^-i(n+l)=^ 

= lim —q— . 


= 0 . 

Lemma 4.4. Let the quantities Sn, In, Pn, Ph, bn, Xn, Un, Cn and dn be as in the 
Proposition 2.2. Then: 

(P) dn — {bn Xn) * t(iIi{A.n Bn+1^ 1/ 

(2) all quantities above are positive and c„ < (i„. 

Proof. (1) By the definition (2.10), 

/„(! + tan(A„ + Bn)) ■ (1 + tan(7l„+i + -^n+l)) 


bn = 


Pni^ P tan(^„ + Bn+l)) + P).^In{^ + tan(A„_|_i + Bn+l)) 
This expression is equivalent to 
Ini^ + tan(^„ + Bn)) • (1 + tan(Al„+i + Bn+i)) 

= bnP'nln ' (1 + tan(A„+i + Bn+l)) + bnPn ' (1 + tan(^„ + Bn+l)), 
from where 


/„(! + tan(A„ + Bn)) • (1 + tan(^„+i + -^n+l)) 

= bnP'nln ' (1 + tan(2l„+i + Bn+l)) 

+ bnPn{^ + tan(A„ + Bn+l)) • {In ~ 2(1 + tan(A„ + Bn+l))) 
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follows. Therefore, 

‘2'SnPn • (1 + tan(2l„ + Bn+l))^ 

= ^nPnln ' (1 + tan(^„ + i3„_|_i)) 

+ In{^ + tan(2ln+l + Bn+l)) ' {^nP'n ~ tan(2l„ + Bn) — 1), 
and eventually 


2Sn— • (1 + tan(2l„ + Bn+i)) — 

= + Bn) - 1). 

1 + tan(2l„ + Bn+i) 

By the definition of Xn (2.11), the last equality yields 
Xn ■ tan(^„ + Bn+i) - 1 = 

1 + tan(yl„+i + Bn+i) 


— ^nPn + 


1 + tan(2l„ + Bn+i) 


{SnPn - tan(2l„ + Bn) - 1). 


Therefore, 

1 + tan(^„ + Bn) — ^nP'n _ ^nPn ~ X„ ■ tan(A„ + Bn+l) + 1 
1 + tan(Al„ + Bn+i) 1 + tan( 2 l„_|_i + Bn+i) 

Notice that by (2.12) the left-hand side is j/„, hence 


^nPji ’ tan(vlyj -t- Bn+l) “t“ 1 

^ 1 -|- tan(2l„+i -|- Bn+i) 

From here, by the definition of P„ (2.8), 

(^n Un) * tan(ylyj^l -f Bn+l) Vn 
~ (^n T ^n) ' tclU^An Bn+l) 1- 


Consequently, by the definition of dn (2.14), the last equality implies 
dn — ((^n 4“ ^n) ’ tcHli^An 4“ Bn+l) 1; 
and hence the first part of the Lemma. 

(2) Using the definition of Sn (2.10) one sees that j/„ > 0. Namely, the nomi¬ 
nator of is positive if and only if 

1 4- tan(2l„ -|- Bn) — Sn • Pn > 0, 
which is equivalent to 

1 4- tan(Al„ -|- Bn) „ 

- p, - 

^ n 

By the definition of Sn, the condition above is fulfilled if and only if 
1 4- tan(2l„ -|- Bn) 

P^ 

n 

.^n ■ (1 4- tan(A„ -1- Bn)) • (1 4- tan(A„+i -|- Bn+i)) 

Pn ’ 

which is equivalent to 

Hn > Pn ■ In ' + tan(2l„+i -|- Bn+l))- 

Using (2.15), we see that it holds. 
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Consequently, c„ is also positive. 

Next we show that c„ < (i„, which also implies that (i„ > 0. Since 

4 > 0 , 


4 > 


by the definition of P„ (2.8), the inequality 

2 • (1 + tan(A„_|_i + P„+i)) > Pn 

holds. 

Therefore, 

2 • Pn(l + tan(Al„ + Bn+i)) ' (1 + tan(yl„_|_i + Bn+i)) 

P + tan(^„ + Bn^i)). 

Using the expression for i?„ (2.15), 

2 • Pn(l + tan(A„ + Bn+i)) ■ (1 + tan(yl„_|_i + Bn+i)) 

+ P'nln • (1 + tan(2l„ + 1 + Bn+l)) > Hn, 

which, by the definition of 4 (2.10) yields 

4 ■ (1 d" taii(^n + Bn)) 

2 • Pn(l + tan(yl„ + Bn+i)) + 4(4 

Therefore, 

24 ■ 4i(l + tan(yl„ + Bn+i)) > (1 + tan(A„ + Bn) — SnPn) ' Ini 
which implies 

2^ 1 + tan(^„ + Bn+i) Pn ^ 1 + tan(yl„ + Bn) — 4Pn 

tan(vlyj T Bn-\-i) In tan(j4y, -t- Bn-\-'i) 

Consequently, by the definition of (2.11) 

2 + ta,n(An + Bn) — SnPn 
^ tan(2l„ + P„+i) 

Hence, using the definition for ?/„ (2.12), 

Xn ■ tan(Hn + Bn+i) - 1 
1 + tan(H„ + Bn+i) 

Therefore, 

(4 d” ^n) ' tS>Il(An Bn-\-l) 1 > (4 d“ Hn) ‘ tan(j4^ + Bn-\-l) T yn- 

By the first part of the Lemma and the definition of c„ (2.13), the equal¬ 


ity 


In. P C 77 


-^n '-n 5 

holds. 

Hence 4 > 0 and the proof is finished. 


□ 


Lemina 4.5. Let 4? Jm Pni Pni 4? Vm Ini Bni Ini Bn — (.^SniVSn) 0 .T 1 I 
r„ be as in the Proposition 2.3. Then: 

(1) B{Sn,rn) C Qn ■= (4>4) X (c„,C„ (4 “ 4))/ 
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(2) the inequalities 




Cn > (ff + 1) • 

tan(yl„ + Bn) 


Cn T {Sn 

- S'n) < (e + Xn) 

■ tan(A„ + Bn- 


hold true, for some 

e > 0 such that 

Sn <£ <Sn. 

Proof. 

(1) Let z = (zi, 

Z2) e B{Sn,rn) 

. Clearly, 



ki - a;s„| 

< T„, 



1^2 - ysj 

< rn- 


If we show: 



(4.6) 


XSn - fn 

= <^n 

(4.7) 


XS„ + Tn 

= Sn 

(4.8) 


yS„ - Tn 

— Cn 


(4.9) 


ySn — Cji {Sn 


then the proof of the first part of the Lemma is finished. 

Let us hrst check (4.6). The definitions of xs^ (2.18), r„ (2.20), /„ (2.7), 
Pn (2.8) and 6!^ (2.16) imply 


XS„ - = 


Jn ~r Un 


! 1 + tan(^„+i + i3„_i_i) 

1 ^nPn Un^n 

2 1 + tan(A„+i + Bn+i) 
hni^In Pn) 4” 

2(1 + tan(yl„_|_i + Bn+i)) 

<5n(l + tan(A„ + Bn+l)) + Vnln 


1 + tan(yl„_|_i + Bn+l) 


= 5'n 


Let us show (4.7). Similarly, the definitions of xg (2.18), r„ (2.20), /„ 
(2.7), Pn (2.8) and (5„ (2.10) imply 


XS„ +rn = 


-^n ~r yn 


1 1 + tan(^„+i + i3„_i_i) 

^ 1 hnPn Un^n 

2 1 + tan(yl„+i + Bn+i) 

Sn{In + Pn) 

2(1 + tan(yl„_|_i + Bn+i)) 

2i5n(l + tan(A„_|_i + Bn+i)) 

2(1 + tan(7l„_|_i + Bn+i)) 


= Sn 
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Now, we check (4.8). Likewise, the definitions of ys^ (2.19), r„ (2.20), /„ 
(2.7), J„ (2.17), (2.8) and c„ (2.13) yield 

_ “t” Vn Jn 

^ " 2 1 + tan(^„_i_i + Bn+i) 

1 yn^n 

2 1 + tan(A„+i + Bn+i) 

_ ^ni^Jn Bn) “t” yni^n “t” Jn) 

2(1 + tan(Al„+i + Bn+i)) 

= dn tan(7l„ + Bn+l) + yn tan(yl„ + i?n+l) + t/n 
= (^n + Vn) ■ tan(7l„ + P„+i) + yn 
— Cn- 


Lastly, we check (4.9). The definitions of ys„ (2.19), r„ (2.20), (2.7), Jn 

(2.17) and Pn (2.8) imply 

T yn 


ys„ 


Jn 

2 1 + tan(7l„_|_i + Bn+i) 

^ 1 ^n ' Pn yn ‘ In 

2 1 + tan(yl„+i + Bn+i) 

_ 5n tan(A„+i + Bn+i){l + tan(^„ + Bn+i)) 

1 + tan(A„+i + Bn+i) 

_l_ yn(tan(^„ + Bn+i) tan(A„_|_i + P„+i) — 1) 

1 + tan(^„+i + Bn+i) 

_ 6n tan(Al„+i + P„_|_i)(l + tan(^„ + Bn+i)) 

1 + tan(7l„+i + Bn+i) 

_l_ 2/n((l + tan(7l„ + P„+i))(l + tan(A„+i + Bn+i)) — In) 
1 + tan(yl„+i + Bn+i) 

_ i^n + 2/n)(l + tan(yl„ + i?„_|_i))(l + tan(yl„_|_i + Bn+i)) 
1 + tan(^„+i + Bn+i) 

^ ^n(l “t” tan(^^ + Bn-\-l)) ynin 
1 + tan(A„+i + Bn+i) 

= (^n + 2/n)(l + tan(yl„ + Bn+l)) 

^n(l 4” tan(^^ + Bn-\-l)) ynIn 


1 + tan(v4„+i + Pri+i) 

= C„ + { 5 n — S'j^), 

where in the last equality we use the definitions of c„ (2.13) and S'n (2.16). 
(2) Recall, 

= {(j/i) 2 / 2 ) -yi =£,(£ + !)• tan(£l„ + Bn) + 1 < 

< 2/2 < (£ + Xn) ■ tan(£l„ + P„+i) - 1}. 

We start by proving the inequality 

(£ + 1) • tan(yl„ + Bn) + 1 ^ Cn, 
for some 6' < e < Sn- 
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Let 5'^ < £ < 5n- Then the inequality 

T 1) * tan(^^ + T 1 ^ (Sn T 1) tan(^yj + I^n) T 1 
holds. Therefore, the dehnition of (2.9) yields 
(s + 1) * tan(2l^ + Bji) T 1 

< 6n • tan( 2 l„ + + (1 + tan(Al„ + Bn) — SnPn)- 

The definition of ?/„ (2.12) implies 

(e + 1) • tan(Al„ + Bn) + 1 < (Sn + Vn) ■ tan( 2 l„ + Bn+i) + yn- 

Eventually, the definition of c„ (2.13) implies 

(e + 1) • tan( 2 l„ + Bn) + 1 ^ c„, 

and hence the inequality. 

In order to prove the inequality 

Cn T (f^n ^n) — (^ T ^n) ' tan(yl^ -j- Bn-\-l) 1, 

it is enough to show it for e = S'n- 
We also use two relations: 

(4.10) Sn Sn — Sn ‘ 4“ Pn+l) Sn * tan(j4^ -j- Bn-\-l) yn ‘ 

/...., _ SnPn tSui^An T Hn+l) 4” 1 

^ 1 4-tan(yl„+i + il„_|_i) 

Notice that these statements follow directly from the definition of S'n (2.16) 
and the equality 

dn — (Sn 4“ ^n) ' t(ill(An 4“ Bn-\-l) 1 

from the Lemma 4.4, respectively. 

Due to 

S'n < Sn, 

and the definition of P„ (2.8), the inequality 

~ SnPn 4- Xn ’ tan(yl„ + Bn+l) — 1 + S'n ' tan(^„+l + Bn+l) 

< (S'n 4- Xn) ■ tan(yl„ + Bn+l) - 1 
holds. Therefore, the equality (4.11) implies 

S'n ■ tan(2l„+i + Bn+l) ~ J/n ■ (1 4- tan(2l„+i + Bn+l)) 

< (S'n 4- Xn) ■ tan(yl„ + Bn+l) — 1. 

From here, using (4.10), the inequality 

(Sn 4- yn) • tan(A„ + Bn+i) 4- 4- (Sn — Sn) 

< (S'n 4- Xn) ■ ta,n(An 4- Bn+l) - 1 
follows. The definition of c„ (2.13) yields, 

(Sn 4- yn) • tan(An + Bn+l) + yn + (Sn ~ S'n) 

— (Sn 4“ Xn) ' tail(An 4“ Bn+l) 1; 
and the inequality is proved. 

□ 
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Lemma 4.6. Let In, Pn, P'n, Xn, Un, Cn, dn, Un, S'n, Sn = {xs„,yS„), Xn, J/Pi 
and dp^ he as in the Proposition 2.3. Then 

(1) yPi < Cn, 

(2) Cn + {5n - S'n) < yp^. 

Proof. (1) The inequality 

£ < Sn, 

implies 

(£ T yn) ' tiXCli^An “i“ Pnpl) ^ {Sn T yn) ' tan(j4yj Pn+l) P yn- 
Therefore, together with (2.21) and (2.13), the inequality 

ypi < Cn 

follows. 

(2) To prove the second inequality, we use S'n < e and (4.10). 

Namely, 

implies 

S'n tan(A„_|_i + Bn+i)) — 2/n(l + tan(^„_i_i + Bn+i)) 

P £ * t(i.Ii{An+l P Pn+l) yn(l P t3.lLl{A.npl T Bnpl)). 

From here we obtain 

{Sn p yn) ■ tan(£l„ + Bn+l) P 2/n + 

P Sn ' t(in{A.n+l P Bn+l) Sn ' tan(yl^ + Bnpl) yn ' dn P 
— {c yn) ‘ t(in{Anpl P Pnpl) yn 
Using (2.22), (2.13) and (4.10) it follows 

Cn P {Sn Sn) P yP 2 , 

and hence the Lemma. 

□ 


Lemma 4.7. Let In, Pn, Ph, Sn, Vn, bn and M be as in the proof of Theorem 2.14, 
i.e. from Proposition 2.2. Then: 


V ^ 

limsup — < oo. 

n—¥(X) yn 


Proof. By the definition of Sn (2.10), it follows: 


(4.12) 


1 + tan(A„ + Bn) — Sn • Pn 
1 P tan(^„ + Bn+i) 
d^n ' (1 P tail(4ln + Bn)) 


where Hn is like in the proof of the Proposition 2.2. 
From here and (2.10) it follows 


Sn _ L • (1 + tan(A„+i + Bn+i)) 

yn P^ 


(4.13) 
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(4.14) 

where 


Also, by (4.12) and the definitions of (2.10) and Xn (2.11), it follows 

Xr 


Vn 


— i?l + i?2 + ^3: 


i?i = 2 

i?2 = 


1 + tan(A„ + Bn+i) 1 + tan(A„+i + i3„+i) 
tan(A„ + Bn+i) Pn 

1 + tan(A„ + i?„_|_i) 


i?3 = 


(1 + tan(A„ + Bn)) • tan(A„ + B^+i) 
• (1 + tan(A„+i + Bn+i)) 


1 


Pn tan(A„ + Bn+i) 1 + tan(A„ + Bn) 

Combining (4.13) and (4.14), the conditions (2.3) and (2.4) imply 


r ^ 

limsup — < oo, 

n—¥oo yn 


and hence the proposition. 


□ 
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